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Problem Overview

A fundamental problem in sensor networks -distributed detection and
estimation

Key requirement for distributed algorithms -scalability
Our objective -

◮ Distributed Kalman filtering in a wireless sensor network setting
◮ Emphasis on designing a communication architecture which provides

scalability

Many interesting applications of this. One very simple motivating
example-

◮ Distributed tracking of the position of an object moving on aplane
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Outline of the Talk

PartI - Kalman Filter

Formulation of the distributed Kalman filter (DKF) and its connection to
average consensus

(Lack of) scalability of traditional average consensus in wireless
networks

PartII - Communication Architecture

Data driven average consensus - a scalable architecture

Simulation results
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Part I: Distributed Kalman Filter
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System Model

Consider linear dynamical system with state-space model-

xk+1 = Akxk + Bkwk (1)

zi
k = Hi

kxk + vi
k (2)

wherewk ∼ N (0, Qk), vk ∼ N (0, Rk), xk ∈ R
m, andzi

k ∈ R
p

Ak, Bk, andHi
k are known matrices

vi
k are independent

Each nodei makes noisy observationzi
k at time stepk

Goal - calculate state estimatêxk
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Distributed Kalman Filter

Olfati-Saber (2005) showed that the centralized Kalman filter recursions can
be decomposed into -

M(k) = ((nPk|k−1)
−1 + Sk)

−1 (3)

x̂k = x̄k + Mk(yk − Skx̄k) (4)

Pk+1 = AkMkAT
k + Bk(nQk)B

T
k (5)

x̄k = Akx̂k−1 (6)

where

yk =
1
n

n∑

i=1

yi
k =

1
n

n∑

i=1

(Hi
k)

T(Ri
k)

−1zi
k (7)

Sk =
1
n

n∑

i=1

(Hi
k)

T(Ri
k)

−1(Hi
k) (8)
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On the Scalability of Average Consensus

An iteration of average consensus - each node must hear from all its neighbors

Simple motivating example -

Nodes(i, j) connected ifdij < r

Rayleigh fading channel+ AWGN with noise powerNo

hij
iid
∼ CN (0,Kdij) (9)

TDMA with random access scheduling

Nodei transmits message with probabilityp = 0.1 in any slot

Neighborj receives message successfully if -

SINRij =
P|hij|

2(1 + dij)
−α

No + P
∑

t:t 6=i |hit|2(1 + dit)−α
.bj[l] > τ (10)
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Poor Scalability of Average Consensus in Wireless
Network congestion
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Part II: Scalable Communication Architecture
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Assumptions

Wireless channel model -

Broadcast channel with Rayleigh fading and AWGN

Half-duplex constraint

ri[l] =

{ ∑n
j=1 hij[l]sj[l] + wi[l], if i silent;

0, if i transmits.
(11)

The channel is reciprocalE{|hij|
2} = E{|hji|

2}

Fixed transmit powerPt

Also assume synchronized node operation
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Data Driven Average Consensus
Consider usual average consensus -

θi(t + 1) = θi(t) + ǫ
∑

j∈Ni(t)

aij(t)(θj(t) − θi(t))

︸ ︷︷ ︸

ui(t)

(12)

such that limt→∞ θi(t) = 1
n

∑n
i=1 θi(0)

1st key point - need to quantize!

θ̃i(t) = arg min
ql

|θi(t) − ql| (13)

Then quantized consensus update becomes -

ũi(t) =

|Q|−1
∑

l=0

(ql − θi(t))
n∑

j=1

aij(t)δ[ql − θ̃j(t)]

Vti(ql) ,

n∑

j=1

aij(t)δ[ql − θ̃j(t)] (14)
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Data Driven Scheduling
Simple example of idea

node stays silent
node transmits pulse

q0 q1 q2 q3 q4

|Q| = 5 channel access slots
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Data Driven Average Consensus
Let transmitted signal be -

si[|Qt|t + l] = ejφiδ[ql − θ̃i(t)] l = 0, . . . , |Qt| − 1 (15)

2nd key point - approximation of network information!

Network information: Vti(ql) ,

n∑

j=1

aij(t)δ[ql − θ̃j(t)] (16)

can be approximated as -

V̂ti(ql) =

{

|ri [l + |Qt|]|
2 − N0, if ql 6= θ̃i(t)

0, else.

Nodes use their local states to cooperatively form a vector code whose
length is a function of the desired precision in consensus but is
independent of the number of nodes
The channel is assigned exclusively to the particular statevalue not to the
node
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Some Results in Brief
Some justification of approximation -

Lemma

E{û(t)} = ũ(t) (17)

ûi(k) =

|Q|−1
∑

l=0

(ql − θi(t))V̂ki(ql), ũi(k) =

|Q|−1
∑

l=0

(ql − θi(t))Vki(ql) (18)

Convergence of the algorithm -

Lemma
The data driven algorithm is guaranteed to converge to the quantized true
average under the condition that |Q| < ∞.

Idea - model the algorithm as a finite markov chain.
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Accuracy of Data Driven Average Consensus
Mean square error performance at SNR = 30dB with 50 nodes
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Recall DKF recursions

DKF recursions at each node -

M(k) = ((nPk|k−1)
−1 + Sk)

−1 (19)

x̂k = x̄k + Mk(yk − Skx̄k) (20)

Pk+1 = AkMkAT
k + Bk(nQk)B

T
k (21)

x̄k = Akx̂k−1 (22)

So each node needs to track the dynamic average -

yk =
1
n

n∑

i=1

yi
k =

1
n

n∑

i=1

(Hi
k)

T(Ri
k)

−1zi
k (23)
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Putting Things Together
Data drivendynamic consensus

Need to track the dynamic average -

yk =
1
n

n∑

i=1

yi
k =

1
n

n∑

i=1

(Hi
k)

T(Ri
k)

−1zi
k (24)

Dynamic consensus update -
Consider the observations at nodei: ui(t) = r(t) + vi(t)

θi(t+1) = θi(t)+ǫ
∑

j∈Ni(t)

aij(t)(θj(t)−θi(t))+ǫ
∑

j∈Ni(t)∪{i}

aij(t)(uj(t)−θi(t))

(25)

Modify data driven algorithm forcomponent-wise dynamic consensus -

si [l + (t − 1)|Q|] = ejφi[l]
[

δ[ql − θ̃i(t)] + δ[ql − [
˜yj
k]j]

]

Only 1 iteration of dynamic consensus is required per DKF iteration!
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Simulation Results
Tracking the position of an object moving in circles
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Simulation Results
Mean square error performance
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Thank you!
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